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Abstract 
In this paper, the geometric modeling for blending surface as algebraic surface is proposed. The blending surface has 
a simple exclusive G1 continuity expression; its shape can be adjusted by changing O values. Therefore, their shape 
can get the advantages of tube – modeling, it is important and necessary in this field for industrial products design.  
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1. Introduction  
 Modeling method of surface: (1) using ring and plane to realize mixed on the basis of [1], but it is 
unable to adjust shape, (2) a surface pieced together can represent a formula (see [3]), (3) thorn too 
complex, inherent geometric properties calculation . Need, design etc filament-wound composite, it is 
necessary to express surface, just equation for as far as possible simple, and make it G1. But the existing 
building measures can't meet these requirements. According to this problem, this paper proposes a global 
modeling method [2], and on the basis of using algebraic surface low mixed surfaces, and three pipe can 
be made by it. In addition, using the same method, cross - tube surface modeling also realized that in [3], 
and the coefficient of intuition geometry property is discussed. No matter from sole expressions of the 
surface or surface modeling of actual results, this method can be said to be a very practical method is 
especially suitable for winding technology. In this paper, we will use the global modeling methods, 
improve mentioned [3] bending modeling, realize the surface modeling don't finish Y - tube [2]. 
2. Method for global modeling of tube surface 
Definition 1. An algebraic surface 3S : ( , , ) 0h x y z   intersecting with both source surface 1S :
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( , , ) 0f x y z   and source surface 2S : ( , , ) 0g x y z   , is defined to be a control surface.   
The intersections of the surfaces 3S  with 1S   and    the surfaces 3S  with 2S  are denoted by 1C  and 
Cˎ   respectively, that is, 
^ `1C ( , , ) ( , , ) 0, ( , , ) 0x y z h x y z f x y z   
^ `2C ( , , ) ( , , ) 0, ( , , ) 0x y z h x y z g x y z   
Where both 1C  and Cˎ  are nonempty sets. 
Definition 2.  Given source surfaces:   
1 : ( , , ) 0S f x y z  ; 2 : ( , , ) 0S g x y z  
and a control surface:  3 : ( , , ) 0S h x y z    a new surface  S , called  a blending   surface of    the    
source surfaces 1S    and 2S  is defined  to  be  as follows:         
: ( , , ) ( , , ) ( , , ) ( , , ) 0nS F x y z h x y z f x y z g x y zO                                    (1) 
where , 1,n Z n O t  is an arbitrary real number independent of  x, y, z . 
Theorem 1.   Let S be a blending surface of source surfaces 1S  and 2S   in the definition 2 above. We 
use '1C   and 
'
2C   to denote the intersections of the surfaces S with 1S   and the surfaces S with S 
respectively, that is,  
^ `'1 ( , , ) ( , , ) 0, ( , , ) 0C x y z F x y z f x y z   
^ `'2 ( , , ) ( , , ) 0, ( , , ) 0C x y z F x y z g x y z   
then 
(1) 'i iC C , ( 1, 2)i  
(2)  When  1n !  , the normal of two surfaces S and iS  at every point on the ( 1, 2)iC i   are parallel.  
Proof.  We need only prove the theorem 1 holds for 1i   , since for 2i     it  can be  shown in the 
same way . 
(1)  Notice that 
'
1
( , , ) ( , , ) ( , , ) 0
:
( , , ) 0
nh x y z f x y z g x y z
C
f x y z
O­   
®
 ¯
it can expressed as   
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1
( , , ) 0
:
( , , ) 0
nh x y z
C
f x y z
­  
®
 ¯
While  1
( , , ) 0
:
( , , ) 0
h x y z
C
f x y z
 ­
®  ¯
Thus '1C   is the same as 1C
(2)  find the first order partial derivatives of a function ( , , )F x y z  of three variables with respect to x, 
y   and    z respectively and we get   
1n
x x x xF nh h f g fgO O
  
1n
y y y yF nh h f g fgO O
  
1n
z z z zF nh h f g fgO O
  
When   1n !  , normal ( , ,x y zF F F ) at every point on the curve of intersection 1C  equals to vector   
( , , )x y zg f f fO .   It is easy to see that two normal , ,x y zF F F  and ( , , )x y zf f f  are parallel.  
Corollary 1.  In equation (1), the blending surface : ( , , ) 0S F x y z   is continuous up to G1 on both  
1C  and Cˎ .
The corollary is a direct consequence of theorem 1. 
3. Global modeling for elbow interfaces 
The geometric model of the elbow joining together cylinders with different diameters (see Figure 1) 
has been given in [3], where the elbow is pieced continuously together with cylinders by using 
hyperboloid, cone and torus as control surfaces. In this section, the modeling method in [3] will surface.  
Figure 1. Elbow interfaces 
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3.1 Geometric model 
Let source surface '1S   be a torus, both  1S  and  2S   are two cylinders. They all can are represented by 
quadratic algebraic surfaces, that is
' ' 2 2 2 2 2 2
1
2 2 2
: ( , , ) [( ) ( ) ]
4 ( ) 0
S f x y z x h y R r z R r
r x y R r
       
ª º     ¬ ¼
2 2
1 : ( , , ) 1 0, 2 0S f x y z y z x     d d                                       (2) 
2 2 2
2 : ( , , ) 0,S g x y z y z r H x    d                                            (3) 
In   order   to construct   blending   surface of two   source surfaces, let us first consider a simple 
algebraic surface 3S  as control surface. The surface 3S  should   satisfy  the  following conditions : (1) 3S
must intersect with both 1S and 2S  ;  (2) If   3S is a quadratic algebraic surface with centre, it  is at the 
origin.    
We are going to choose hyperboloid of one sheet as control surface. Its equation is 
2 2 2
3 2 2 2
: ( , , ) 1 0
y z x
S h x y z
b c a
                                                  (4) 
where , , 0a b c !  , are the lengths of half axis in x-direction y-direction-direction respectively.  When 
the bending surface of two source surfaces is G1, the parameters a, b, c, r, H will satisfy following 
inequalities: 
2 2
(1) 0 1
(2)
(3) 1
c b
a
r H r b
b
r
   d­
°°   d  ®
°
 ! °¯
We have defined the control surface 1S  and from the definition 2, we still require to the parameters n 
and O  to determine the blending surface. According to [2], take n=3.Then the equation of blending surface 
is as follows: 
3: ( , , ) ( , , ) ( , , ) ( , , ) 0S F x y z h x y z f x y z g x y zO                             (5)  
Figure 2 shows projection to the plane z=0 of the blending surface S. 
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Figure 2. Blending surface 
3.2 ٝVariation of blending surface with values of   
The curve  in  which  the  plane  x=const  parallel  to   the coordinate plane cuts the blending surface  in 
(5)  is a ellipse (see Figure 3) . When z is a constant, find derivatives for both sides of the equation (5) with 
respect to O   , and we have 
23 0y y y
dy dy dy
h h fg f g fg
d d d
O O
O O O
    
Solving the equation above, we obtain 
23 y y y
dy fg
d h h f g fgO O O
 
 
                                                 (6) 
Substituting the equations of  f, g, h  into(6), we get 
)122(2)1(6
))(1(
2222
2
2
2
2
2
2
2
2222
rzyy
a
x
c
z
b
y
b
y
rzyzy
d
dy

 
OO
Figure 3. Cross section 
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Therefore, the values of y decrease as the value of O increase. According to this, the surface becomes 
thin as values of O increase. Conversely, when values of O decrease, the surface becomes fat. It can be 
seen that the shape of the blending surface will change with different parameters O , although intersection 
of control surface and source surface remains unchanged. 
3.3 The relationship between the control surface and the blending surface 
From the corollary 2, implicit surface ¦ : f (x , y , z)=0 which is regular everywhere in the three-
dimensional Euclidean space is a convex surface if and only if   
0
0
)(  
zyx
zzzyzxz
yyzyyxy
xxzxyxx
fff
ffff
ffff
ffff
fd
It results from the fact that the Gauss curvature on the convex surface everywhere is positive.   
A hyperboloid of one sheet as the control surface S3  is concave. When O =1.5, blending surface and 
control surface have the same concave-convex direction. When O =1.5, blending surface and control 
surface have the opposite concave-convex direction. Since the concave-convex direction of the control 
surface is known, we can judge the concave-convex direction of the blending surface by calculation of the 
formula above. 
Example.   Take two source surfaces: 
02,1: 221 dd  xzyS
42,5.1: 2222 dd  xzyS
and the length of the blending surface : H=2 
The control surface is a hyperboloid of one sheet, so its algebraic equation is: 
1
16
5
3
4
: 222   xyzh
(1) Intersection of h and S1:
°¯
°
®
­
 
 
1
1
16
5
3
4
22
222
zy
xyz
  when  0dx
(2) Intersection of h and S2 :  
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4
22
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xyz
  when  0!x
Equation of the blending surface S:  
  )5.1)(1()1
16
5
3
4
( 22223222 zyzyxyz O
Or 03   fgh O
To meet the requirements of the case, restrict within the affected regions of a cylinder to avoid 
appearing redundant pipe mouth and get G1 blending surface.   
When 02 dd x  , 5.10 dd x  , or 0tx  , find the equation: 03   fgh O  respectively.
It follows that three-dimensional modeling for the blending surface of two cylinders is given in Figure 
4. By piecing the blending surface together with quarter torus three-dimensional modeling for the elbow is 
shown in Figure 5. 
Figure 4. Blending surface of two cylinders 
Figure 5. Elbow 
4. Global modeling of Y-tube 
In the section, let the axes of three cylinders be coplanar. A cylinder with X-axis as the symmetrical 
axis is taken as a source surface S1. The other two source surfaces are also cylinders. One of them is 
generated by rotating the cylinder S1  on Z-axis at angle D  and is denoted by S2 , another is by the rotation 
of  the cylinder S1  in the opposite direction on Z-axis at angle E and is denoted by  S3 , where  D ,
),0( SE  . . Figure 6 shows angles among axes of three cylinders.   
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Figure 6. Angles among axes of three cylinders 
The steps computing and displaying Y-tube are as follows:  
First, use algebraic equation to express the blending surface of three cylinders and make it   ensure G1
smoothness.      
Secondly, in the VC program environment, use graphic library of the OpenGL to program , and 
implement collection, triangulation, surface fairness of point cloud data, and so on.    
Finally, construct smooth blending surface.   
(a) 
(b) 
Figure 7. Three dimensional Y-tube 
Figure 8 draws the three dimensional Y-tube with a computer by using the method above. Figure 8 (a) 
is plotted in mesh form and Figure 8 (b) is a solid with the shining and shading.    
5. Conclusions 
Through the representative mixed surfaces such as algebraic surface, geometrical model proposed two 
tube surfaces. Mixing surface has a simple, exclusive expression, G1continuity; its shape ingredients 
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surface can adjust, so their values, shape control superiority is important and necessary tube - modeling in 
the fields of industrial engineering, especially coil pipe of the surface.   
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